Guide to Negating Formulas



Hi everybody:




—

N

We spent a liffle bit of time in class
falking about how to negate formulas in

N—

propositional or first—order logic,

~



—

This is a really valuable skill: 1 you ever
need to wrife a proof by confradiction or
a proof by confrapositive, you'll need fo
know how to negate formulas,
\ 4

~




—

While this might seem a bif fricky at ﬁm
the good news is that there's a nice,
mechanical way that you can negate

N—

formulas:

~/



qeve's still a bif of art fo it, buTm

learning a few simple rules and how fo
apply them, you can negate just about

anything:!
" Y g

~/




For example..

~



—pA(qQVT)

—

N—

™~

Let's imagine that you want fo
negate this formula To the left.

~



(=p A (qVT))

—

N—

™~

To do so, we're going To begin
by surrounding the formula

in parentheses..

~



—=(=p A(q VD)

—

N—

™~

And putfing a negafion sumbol

in front.

~



—=(=p A(q VD)

~

Technically speaking, This formula
is the negation of the original
formula, though it's hard fo see
exactly what this formula says.




—=(=p A(q VD)

™~

Most of the fime, when you need
fo find the negafion of a formula,
you're going to want to simplify

it by pushing the negations inward,
N—

L~



—=(=p A(q VD)

—

N—

™~

The good news is that there are
a number of vules we can use

fo do This.

~



—=(=p A(q VD)

—

N—

~~

It you remember from our lecture
on propositional logic, we saw a
series of vules for simplitying

negations,




_'(_'P A (Cl Vr)) gexamp\e, we saw de Morgan's
laws, which say fhat

-(A AN B) -A Vv -B

-(A v B —A N 0B




- (A V B)
-A AN -B

—(A AN B)

-A vV B

—=(=p A(q VD)

—

N—

™~

I'm going To write this rules
up af the top of the screen,

~



- (A V B)
-A AN -B

—(A AN B)

-A vV B

—=(=p A(q VD)

—

N—

~~

We haven't talked about this
nofation before, but the good
news is That it's not too bad,

Let's take a look at this,




- (A V B)
-A AN -B

—(A AN B)

-A vV B

/ﬁemeva\\ug speaking, These vu\es\
look like this:
Before
After

e

—=(=p A(q VD)



- (A V B)
-A AN -B

—(A AN B)

-A vV B

~ ™~

rule like This means *if you see
Before, veplace it with After,”

Before

After

et

N—

—=(=p A(q VD)



- (A V B)
-A AN -B

P LT

" ~(A A B)

----------------

.

—

So let's look at this rule on

N—

™~

the right,

o4

—=(=p A(q VD)



~(A vV B) ' —(A A B) ‘E an This vule says N

—-A AN —B —A Vv =B | you see something of the form
""""""""" ~(A A B)
replace it with

N— —A v ﬁB-"\/

—=(=p A(q VD)



----------------

_'(_'P A (CZ \ T')) /Take a look at our oviqma\\

formula, It you look af it closely,
you'll see that it matches this

parficular patfern,
\




- (A V B)
-A AN -B

P LT

" ~(A A B)

----------------

.

—=(=p A(q VD)

—

N—

™~

That means that we can apply

This vule and rewrite it..

Nt



P LT
.

~AVvB) | =(AAB)
~AAN-B | AV -B

----------------

.so That it looks like this.

— \/




- (A V B)
-A AN -B

—(A AN B)

-A vV B

—

N—

™~

Notice that we've ‘pushed” the

negation deeper into the
formula.

Yt



- (A V B)
-A AN -B

—(A AN B)

-A vV B

—

Basically, we just need 1o keep
appluing These rule femplates
over and over until the formula
is as simple as it can gel,




- (A V B) —(A AN B)
-A N B -A vV -B
—(q v 1) - O

N—

So letrs tocus on this part of

the formula tor now.,

Nt



----------------

----------------

—(qVvr)

—

N—

™~

Notice that i1 malches this
particular template,

Nt



----------------

----------------

—(qVvr)

—

N—

™~

So lef's apply This rule fo
simplify the formula:

Yt



oemmmm

----------------

(=q A =) N ae

Now we've got This, which has
the negation pushed deeper
info the tormular We're making

progress!
N—




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—

N—

™~

So what about the other part of

This formula?

Nt



- (A V B)

-A AN -B

—(A AN B)

-A vV B

— ™~

well, This is a double—negation,
Intuitively, we'd expect fhese
fwo negations to cancel out.

— \/



- (A V B)

-A AN -B

—(A AN B)

-A vV B

7~ Indeed, That's what happens. N

We can wrife this down as fhe rule

_I_IA

N— A\/



- (A V B)

-A AN -B

—(A AN B)

-A vV B

—

N—

™~

So letrs go and apply this rule:

Nt



- (A V B)

-A AN -B

—(A AN B)

-A vV B

Tadar




——=A ﬂ(A VvV B) ﬁ(14 A B)
A ~A A -B ~A Vv -B
p Vv (—'Cl A _'T') 7 At this point we can't push The™N

negations any deeper info the
formula, They're directly applied
To proposifions, which can't be

\ SImP\lﬁeol.\/



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

pVv(—=qA-r)

So we're doner:

Nt



- (A V B)

-A AN -B

—(A AN B)

-A vV B

pVv(—=qA-r)

— ™~

ot course, before moving on,
we should be sure to check our
work!

— \/



——-A - (A V B) —(A AN B)
A -A AN 0B -A VvV =B
pVv (=g - - ; O
Here's The original formula,
(Think of This as the *before’ in
=D A (Cl vV T') The *betore and after” shofs.)

— \/



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
pVv(—gN—r) o )
Is There some way we can check
whether we negated this formula
P A (q vV r) properly?

— =~



——-A - (A V B) —(A AN B)
A -A AN 0B -A VvV =B
pVv(—=gA - - O
Yes, acfuallyr There are several,
“pA(qVT)

N—

Nt



——-A - (A V B) —(A AN B)
A —-A N B —-A VvV B
pV (=g A -T) N
Let's begin with an intuitive check,
What do each of these formulas
P A (q v T') actually mean?

— "~



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
pVv (=g A -T) - O

N—

This formula means *p is frue,
or both g and v are false,”

Nt



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
~ TN
This formula means *p is false
and af least one of ¢ and v
P A (q Vv T') is True,”

N—

S



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
pVv (=g A D) @ O
Infuitively, these statements seem
—p A (q V T') To check oul as opposites,

N—

Nt



——-A - (A V B) —(A AN B)
A -A AN 0B -A VvV =B
pV (_'Cl A _'T') /If the first one is true, Thew\
eifher p is true (so =p is false),
—p A (q V T') or q and r are false (so qvr

N—

is false.)




- (A V B)

-A AN -B

—(A AN B)

-A vV B

pVv(—=qA-r)

—pA(qQVT)

— ~~

Similarly, it the second one is
True, Then =p is frue (so p is
false), and at least one of g and
r are True (so =g n —r is false),




——-A - (A V B) —(A AN B)
A -A N B -A vV -B
pV(—qA-T) & )
So in thal sense, infuitively,
—p A (q V T') everything checks out,

N—

Nt



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
pVv (_'Cl A _'T') q course, a lot of things that
make infuitive sense aren't right,
—p A (q V T') so perhaps we should check this

N—

in a different way,




- (A V B)

-A AN -B

—(A AN B)

-A vV B

pVv(—=qA-r)

—pA(qQVT)

7~ When we're dealing with N\

propositional logic, we can
always check the truth
fables for fhese formulas and

\__ see how they cgve!/



pVv (-gA-r)

—4|d4|4d|d4|m|m|m|7N|o
e I I R N A A s B B -
—|m|A| A A|T|=

(pV(~q AT)

T

—S|=|d[4|m| 7M™

-p A (q

—A|=d|=d|d|7m|7|7n|no
—|4|m | m|A4 4| 7o

Vv r)

r ("pA(qvr)
F F

T T

F T

T T

F F

T F

F F

T F

pVv(—qA—T)

“pA(qVT)

—

for

N—

™~

It you punch in these two
mulas, here's the fruth tables
that you'll get back,

S



pvVv (=g A -r)

A4 4| 4|m|m|m M-
e e A e B B e R -

;
F
T
]
T
F
T
F
T

(pV(~q AT)

T

—S|=|d[4|m| 7M™

“p A (QV )

(CpA(qVr)
F

—|-|4d|4|m|n|7|n|o
~|=|7m |||

r
F
.|.
F
.|.
F
T
F
.|.

b B s I R R

pVv(—qA—T)

—pA(qQVT)

™~

Notice that, going row by row,
The fruth values are opposites
of one another. That means that
they've negations of one another:




- (A V B)

-A AN -B

—(A AN B)

-A vV B

pVv(—=qA-r)

—pA(qQVT)

™~

There's actually a different way
fo use the fruth fable fool 1o
check if fwo tormulas are
negations of one another,




——-A - (A V B) —(A AN B)
A -A AN -B -A Vv —-B
p Vv (_'Cl A _'T') Imagine that you have Two\
formulas A and B, If A is a
-p A(qVT) negafion ot B, fhen any time A

N—

is true, B is false and vice—versa.




——-A - (A V B) —(A AN B)
A -A AN -B -A Vv —-B
pVv (_'q A —r) /Tha’( means thal the formula
A e B
“pA(qVT)

should always evaluate fo false,




——-A - (A V B) —(A AN B)

A —-A AN 0B -A VvV B

— ™~

So in our case, we can try
punching in this formula into

—p A (q vV T') the truth table fool.

pVv(—qA—T)

N— \/

(pbv(mgA-—-r) < (—=pA(qVvr)




~-A (A B) (A 1 B)

(PV(gA-T)=(pA(gqVr))

~ | | 4|4/ | M| M| T
A|l4|7m|7m|4|4|7m|n|a
e T U e o T e R I e 1 I |
g O e e e e O N 1 |

— ™~

1f we do, here's whal we

_Ip A (q V r') QGT back,

pVv(—qA—T)

N— \/

(pbv(mgA-—-r) < (—=pA(qVvr)




(A A B)

A ~Al P ar
F F F
F F T
F T F
F T T
T F F
T F T
T T F
T T T

(PV(gA-T)=(pA(gqVr))

M MM MM M M M MM

pVv(—qA—T)

—pA(qQVT)

Since the formula is always

one another, Nifty:

N—

(p V(=g A —1))

\yd

(=p A(qV D)

™~

false, we know that the fwo
formulas must be negations of




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—

N—

™~

That wasn't so bad! Let's

do another one,

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(pVv g A (—opA—Qq)

—

N—

™~

Let's try taking the negafion of

This formula.

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(pVv g A (—opA—Qq)

— ™~

Actually, before we do this
fogether, why don't you try
doing it yourself first:

— \/



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(pVv g A (—opA—Qq)

— ™~

Take a minute or Two fo walk
Through this one on your own,
See what you come up with:

— \/



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(pVv g A (—opA—Qq)

—

N—

™~

So did you do it? It wot, you
really should, I1's good practice:

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(pVv g A (—opA—Qq)

— ™~

So you did it? You've got an
answer? Great: Lef's work
Through this one together,

— \/



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

((pv g A(—pA—q))

—

N—

™~

As betore, we begin by

surrounding it in parentheses..

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

—((pVv q@ AN (—=p A —Qq))

—

N—

™~

.and putting a negation at the

front,

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

~((pV @ A (=p A —=q) (" Now, we're going fo keep
applying rules to push the
negation deeper and deeper info

The expression,
N—




——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

—((pVv q@ AN (—=p A —Qq))

—~

Looking over the strucfure of

This formula, we can see that
it's a negation of fwo things

ANDed together,




----------------

----------------

—((pVv q@ AN (—=p A —Qq))

—

N—

™~

That means that we want 1o use

This rule,

Nt



----------------

----------------

—“((pVv q@ AN (—p A —q))

" co

N—

lor—coding things 1o make?

easier To see which part is

which, we can now apply The

femplate..




----------------

----------------

—(pVv q) VvV —=(=pA—Qq)

—

N—

™~

-which gives us this initial
simplification,

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

— ™~

Now, we can keep repeafing this

—(pVv q) VvV —~(=p A Q)

process on each smaller part of
The expression,

—




——-A - (A V B) —(A AN B)
A -A N B -A vV -B

N—

Just because we can, let's start

with this part,

Nt



—(A v B) : =(A A B)

-AAN-B | -AV -B

----------------

—

N—

™~

That matfches the same vule as

before:!

Nt



—(A v B) : =(A A B)

-AAN-B | -AV -B

----------------

—

N—

™~

So we can color—code things..

Nt



----------------

-=A —(A v B) g —~(A A B)
A -A A =B ' -A VvV —B

N—

.and apply the femplate,

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

Progress!

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

—

N—

™~

A veasonable nexi step would

be 1o look at these fwo

subexpressions, each of which is

a double—negation.




----------------

----------------

Here's the femplate..

Nt



----------------

----------------

“(pvqVvipvaqg

—

N—

™~

.and here's the result:

Nt



——A - (A v B)

—(A AN B)

A -A AN -B

-A vV B

“(pvqVvipvaqg

—

N—

™~

Coolt We're almost there.

Nt



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
—(p v q) - O

N—

Our last sfep is fo deal with
This part of the expression,

Nt



----------------

----------------

—(p Vv q)

— ™~

That matches this template,

—_



]
> ]
N
1l |
> =
><
]
& 3
EX
N
>
=

----------------

—(p Vv q)

—

N—

™~

So we see how iT matfches..

Nt



----------------

----------------

(=p A —q)

.and apply the rule:

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(=pA—=qQ)V(pVQq)

— ™~

That's as deep as the negations
are going to go. We're done:!

— \/



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(=pA—=qQ)V(pVQq)

—

N—

™~

0t course, we have to check

our work,

Nt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(=pA—=qQ)V(pVQq)

(pV q@ A(—=pA—Q)

—

N—

™~

Here's where we started.,

Yt



——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

(=pA—=qQ)V(pVQq)

(pbv g A(—=pA—Qq)

~
Why don't you go use The Truth

fable tool fo check whether tThese
statements actually are negations

ot one another?
N




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—

N—

™~

Okay! So lef's vecap where we

are vight now.,

Nt



- (A V B)

-A AN -B

—(A AN B)

-A vV B

— ™~

We have these nice and handy
femplates available for simplifying
expressions with negafions in them,

— \/




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—

N—

™~

We 've Talked about three ways
That you can check your work,

Nt



- (A V B)

-A AN -B

—(A AN B)

-A vV B

—

N—

™~

And we've gone through two

examples:

Nt



- (A V B)

-A AN -B

—(A AN B)

-A vV B

— ™~

However, the rules above don't
cover all possible formulas,

— \/



——-A - (A V B) —(A AN B)
A -A AN B -A VvV -B

N—

For example, how would we

negate this formula?

Nt



——-A - (A V B) —(A AN B)
A -A AN B -A VvV -B

N—

First, let's vefresh how fo negate

an implication,

Nt



——-A - (A V B) —(A AN B)
A —-A N B —-A VvV B
pPANg—T q)(ua\\ug, before we review T\(?

one directly, why don't you
review your notes and see how

you negate an implication?




——=A ﬂ(A Vv B) ﬂ(A A B)
pANg—T 7~ What goes below This line? N\

—(A - B)

?7?

—



——A —(A v B) —-(A A B)
A —A A —B -A vV —-B
pPpANg—T 7~ Here's fhe answer: N
—(A - B)
AN—-B
N—

S



——-A —-(A v B) - (A A B) —-(A - B)
A —A N -B —A VvV -B AN —-B
pANq—T Qmembev, the only way for ?

implication to be false is if the
antecedent (A) is frue and the

consequent (B) is false!




——A - (A V B) —(A AN B) - (A - B)
A -A AN B -A VvV B AN -B
pANqg—T One of the most common mistakes

we see people make when negafing
formulas is To gef this wrong, so
commit this one to memory!




——A —(A v B) —(A A B) —(A - B)
A -A A —B —~A v -B A A —-B

Okay! Now That we have our
rule, letrs see how to negate
this formula,

— "~



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
(pAg—T) ~ )

N—

As betore, we parenthesize it..

Yt



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
-(pAqg—T) o T

N—

.and put a negafion out front,

Nt



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
-(pAg-T) o S

N—

Now, we need To see what
template 1o apply,

Nt



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

“(pANg—T)

N—

Here, we're going To vun info an
operafor precedence issue, which

we haven't seen yef.

Yt



——-A —-(A vV B) - (A N B) —-(A - B)
A -A N B -A vV -B AN-B
~(pAq—T) a O
Do we inferpret the formula
like This?
N
“((pAg)—-1) (?)

Nt



——A - (A v B) —(A A B) - (A - B)

A -A AN -B -A vV B AN -B

“(pANg—T)

Or like this?

~((pAq)~1) (?) ~~

P A(@-7) ()



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
-(pAq—T) o O

“((pnhng)—-1) (?)
—“(pA(g—-1) (?)

N—

Before we tell you, why don't
you look over uour nofes and

see what you find?

Nt



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
-(pAg-T) o S

“((pnhng)—-1) (?)
—“(pA(g—-1) (?)

N—

Okay.. you've got a quess?

Nt



——-A —-(A vV B) - (A N B) —-(A - B)
A -A N B -A vV -B AN-B

=(pAq-T) a O

The top ovne has The right
operafor precedence.,
N—
=((p A q) = 1) \/
~prtg—r) @



——A - (A v B) —(A A B) - (A - B)

A -A AN 0B -A VvV =B AN-B
_'((P A CI) — T') /JusT fo make it easier for us\

fo remember that, lef's go and
add Those parentheses info our
fop—level formula,

—((pAq)—T)



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

—((pAq)—T)

So now we can look at our
femplates and see which one
applies,

— \/



~-A ~(A v B) ~AAB) | =(A-B)
A ~A A —B ~Av-B | AA-B |
-~ TN

—((pAq)—T)

N—

Here, we're negaling an

implication, so this vule applies.,

Nt



P LN

.

~—A ~(A v B) ~AAB) | ~(A-B) !
A A A =B AV —B AN-B |
-~ TN

—((pAq)—T)

N—

So we find the correspondence..

Nt



-----------

.

~=A ~(A v B) ~AAB) | ~(A-B) g
A ~A A -B ~AV -B AN-B |
(PAQqQ) AN-T - T

N—

.and apply the femplate:

Nt



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
(p A Q) AT o T

N—

That gives us This expression,

Nt



——-A —-(A vV B) - (A N B) —-(A - B)
A —-A AN -B -A Vv -B AN —-B
pAqAN-—T o We can actually drop The\

N—

ANTD is associalive,

parentheses here, since everything
is getting ANDed fogether and




~-A ~(A Vv B) ~(A A B) ~(A - B)
A ~A A —B ~AV -B A A -B
DAQAN-T o )

AT This point, we can't simplity
Things any more, so we're
done:

— "~



~-A ~(A Vv B) ~(A A B) ~(A - B)
A ~A A —B ~AV -B A A -B
DAQAN-T o )

N—

As betore, we should check our

work,

Nt



——-A —-(A vV B) - (A N B) —-(A - B)
A -A N B -A vV -B AN-B
DAQAN-T o )
Here's The original formula,
pANq—T

— \/



——A - (A v B) —(A A B) - (A - B)

A -A AN 0B -A VvV B A N =B
(p A dq A _'T') If e plug this expression into N

o the fruth table tool, we can

see That these tormulas are

(P ANq— r) indeed negations of one another,

N (Try iTr)\/




——-A —-(A vV B) - (A N B) —-(A - B)
A -A N B -A vV -B AN-B
DAQA T o )
But, infuitively, why is that?
pANq—T

N—

Nt



——A - (A v B) - (A N B) -(A - B)
A —-A N B —-A VvV B AN-B
PAGA-T a N
Notice that the original formula
(the one on the bottom) says
pANg—T ‘v and g implies v,

N—

Nt



——-A - (A V B) —(A AN B) - (A - B)
A -A AN -B -A VvV B AN—-B
PANqN—T That statement is going To be\
frue unless the anfecedent
DANg—-T (p and g) is True and the

consegquent (r) is false,




——A - (A v B) - (A N B) -(A - B)
A —-A N B —-A VvV B AN-B
pANqgAh--—r So take a look at what Ouv\
negation (the top formula) says:
pANg—T it saus *p and g are true, bul v

is false,” It checks out:

N—




——-A —-(A v B) - (A A B) —-(A - B)
A —A N -B —A VvV -B AN —-B
pANgqgNMN—T Betore we do another examPD
one detail that's worth noting is
DANg—T that we didn'1 even touch the

antecedent.

N—




——-A —-(A vV B) - (A N B) —-(A - B)
A -A N B -A vV -B AN-B
DAQGA T - | R
NotTice that it's The same in both
the original formula and the
pANg—-T negation,

N—

Yt



——-A —-(A vV B) - (A N B) —-(A - B)
A -A N B -A vV -B AN-B
PAQGA-T - | R
When you're negaling statements,
you don't necessarily negate
pANg—-T every part of them,

T



A —(A v B) —(A A B) ~(A - B)
A —-A N B -A VvV =B AN =B
pPANqgN—T This is why These rules maﬂev:\
they show you whal parts gef
pANqg—Tr negafed and what parts stay

N—

the same,




——A - (A v B) - (A N B) -(A - B)
A ~A A =B ~A Vv -B A A -B
DANQN-—T ﬂ's important to keep that in N
mind - one of the more common
misTakes we see people make is
pPANg—T negafing way more than they

N— shou\d.\/



A ~AA-B  -Av-B AA-B
pAqgAN-—T ~ N
So, when in doubt, just keep
pPpANg—-T appluing The templates:

N—

N



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

With that said, lef's do
another example,

Nt



——-A —-(A v B) - (A A B) —-(A - B)
A —A N B —A VvV B AN B
p-q-r a T
How might we negate this
sTatement?
N—

Yt



-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
(p—->qg-71) o S

N—

You know the drilli first we

parenthesize..

Nt



——A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN-B
—.(p i r) ~ N

N—

.Then we stick a negation
out front,

Nt



——-A —-(A v B) - (A A B) —-(A - B)
A —A N -B —A vV -B A N B
—~(p—>q-T) & )
Now we just need fo apply
femplates,
\

Nt



-----------

.

~=A ~(A v B) ~AAB) | ~(A-B) !
A ~A A —B AV —B AN-B |
_'(P - Jq - T') qshou\d be clear that we vwee?

N—

fo use this femplate for

implications, but how do we

apply it?




——A - (A V B) —(A AN B) - (A - B)
A -A AN B -A vV B AN B
-(p>qg-Tr) ~ TN

“((p—=q)—-nr ()
—“(p—->(q@—-1) ()

N—

Specifically, which of these

inferpretations of the expression

are corvect?

N



~-A —~(A vV B) ~AAB) | ~(A-B)

A -A A —B -~Av-B | AA-B

----------------

~

_'(p —q~— T') /‘\'ake a minute to review your

notes and make a guess.
Seviously, try it: If's a good
exercise,

~((p=q) -1 () ~
“(p-(g—-1) (? \/




——A - (A V B) —(A AN B) - (A - B)
A -A AN B -A vV B AN B
-(p>qg-Tr) ~ TN

“((p—=q)—-nr ()
—“(p—->(q@—-1) ()

N—

So you have a quess?

1t not, go make one before

going on,

S



----------

.

~-A ~(A v B) ~AAB) | ~(A-B) !
A ~A A —B ~AV —B AN-B |
=(p—=q-T1) a O

=-€€19——>—q)——>—11)
—(p—(q—1)

)

N—

So this is the correct

inferprefation, The - operafor

is right—associative,

Yt



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

—“(p—->(q~—-r))

—(p—(q—-r)

N—

Let's go put Those parentheses

In up here.

Nt



P LN

.

~—A ~(A v B) ~AAB) | ~(A-B) !
A A A =B AV —B AN-B |
-~ TN

—“(p—->(q~—-r))

N—

Okay! Now let's start applying

femplates,

Nt



-----------

.

--A ~(A v B) ~AAB) | ~(A-B) !
A ~A A —B ~AV —B AN-B |
-~ TN

—(p—(q—r)

N—

Color—coding the anfecedent
and consequent lefs us see

the structure..

Nt



——A ~(A vV B) ~AAB) | -(A-B)
A ~A A -B ~Av-B | AA-B |
pA—=(qg—T) o S

N—

.

.and makes it clear how we

push the negation inward,

Nt



——-A —-(A v B) - (A A B) —-(A - B)
A —-A N B —-A VvV -B AN —-B
Progress!
N—

Nt



-----------

.

~=A ~(A v B) ~AAB) | ~(A-B) g
A ~A A -B ~AV -B AN-B |
pA—=(q—T) o S

N—

Now, we can apply this
femplate another time,

Nt



P LN
.

~=A ~(A v B) ~AAB) | ~(A-B) g
A ~A A -B ~AV -B AN-B |
pA—=(q—T) o S

Before..

— \/



P LN
.

~—A ~(A v B) ~AAB) | ~(A-B) !
A ~A A —B AV —B AN-B |
DANQN-T o )

.and after:

— \/



~-A ~(A Vv B) ~(A A B) ~(A - B)
A ~A A -B ~A v -B AA-B
DAQAN-T o )

So we're doner:

— \/



——-A —-(A vV B) - (A N B) —-(A - B)
A ~A A —B ~A v —-B A A -B
DANQgAN-T ~Here's the original formula and™N
The ultimate negation. You can
(and should!) go check whether
Pp—q—Tr This is right using the truth

\ Tab\e TOV



——-A —-(A vV B) - (A N B) —-(A - B)
A —A N -B -A vV -B AN -B
pDAQgA-T - )
But hold on a second.
P—=q—Tr does this negation seem familiar?

N—

S



——-A —-(A vV B) - (A N B) —-(A - B)
A -A AN B -A vV B AN -B
pPANgAN-—T /Hopefu\\% it does - we saw\
earlier that i1's the negation of
poq-T

N—

pAg-T!

Y



——A —-(A v B) —-(A A B) -(A - B)
A -A AN -B -A VvV B AN-B
DAQN-—T - )
This is excifing, because i1 means
p—>q-r we just discovered something new:

N—

Nt



- (A v B) —(A A B) - (A - B)

—-A AN 0B -A VvV B AN-B

PAGA-T o I
Since These two formulas have the

same vnegation, They must be
Pp—q—Tr equivalent to one another:

S

p->q—-r = pAq-T



- (A v B) —(A A B) - (A - B)

—-A AN 0B -A VvV B AN-B

DAQGA T N I
This parficular identity shows up
in a lot of places, actually,

p—q—Tr Curious? Come ask us about itf:

N— \/

p->q—-r = pAq-T



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

N—

Okay, so now we have a rule for
negating implications, Great:

Nt



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

Before we move on, There's
something imporfant I'd like to
address.,

— \/



--A —(A v B) —(A A B) —-(A - B)
A —A A -B -A v -B AN —-B
-~ TN

1t you'll remember, in class we
saw this equivalence:

-(ANB) = A--B




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A - B)

AN -B

7~ We can treal fhis as a new N\
femplate for negating AND:

—(A AN B)

\ A_)_IB\/



- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A AN B)

/u__n\

A - —-B

N—

Let's add it to the list.

™~

Nt




——A - (A v B) —(A A B) - (A - B)

A -A A —B -A v —B AN —-B
—(A AN B)
A- -B

-~ TN

We now have Two different rules
for negafing ANDs,

—_




——-A - (A V B) —(A AN B)

A -A AN -B -A vV B

—(A AN B)

A - —-B

—(A - B)

AN -B

-(AANB) o (mAVv —B)

-(AANB) « (A- —B)

~We can use the truth table TooT™N
fo check that both of these

rules are correct, Tust punch in
the formulas to the left and

\__ see whaf ugm{eh/



--A —-(A v B) —(A A B) —-(A - B)
A -A A —B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

But what does it mean to have
two different vules lying around
for negafing AND?

— \/



——A - (A v B) —(A A B) - (A - B)

A -A A —B -A v —B AN —-B
—(A AN B)
A- -B

-~ TN

This means that if we want to
negate an AND, we have two
different ways of doing it.

— \/




—(A v B) ' (A AB) ! -(A - B)
—AN-B | -Av-B

----------------

™~

This template uses de Morgan's
laws, It fends to be more useful
when working in propositional

logic,
\




- (A v B) —(A A B) - (A - B)

-A AN -B -A vV B AN -B

soEEEEEEEN

----------------

This femplate is based on The\

negafion rule tor implications,
I11's more usetul in first—order

logic,
\




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A AN B)

A - —-B

—(A - B)

AN -B

7~ Now thal we have several N\

different negafion rules available,
we can falk about a key property
of negations we've skipped up

\_ To this POV



——-A —-(A v B) - (A A B) —-(A - B)
A -A AN -B -A Vv —-B AN -B
—(A AN B)
A - —-B
DAQAT o )
Let's look at how 1o negate fhis
formula,

—_



~-A ~(A Vv B) ~(A A B) ~(A - B)
A ~A A —B ~AV -B A A -B
—(A AN B)
A--B
DANQAT ~ )

Before we go over this one
fogether, take a few minufes fo
negate This one on your own,

— \/



——-A - (A vV B) - (A AN B) —-(A - B)
A -A AN B -A VvV B AN B
—(A AN B)
A - -B
DAQAT - T

Really, iT's a good exercise,
Don't confinue onward until
you've done thaf,

-



~-A ~(A Vv B) ~(A A B) ~(A - B)
A ~A A —B ~AV -B A A -B
—(A AN B)
A--B
DANQAT o )

So you negafed iT? Good:
Greal: Let's do it together.

— \/



—-A - (A V B) —(A AN B) - (A - B)
A -A AN B -A vV B AN B
—(A AN B)
A - B
~(PAgAT) - O

N—

The first few steps should be
pretty voufine by This point —

parenthesize and negafe:

Nt



--------------

-(AvB) | =(AAB): —(A-B)
~AA-B | -Av-B: AA-B
. ~(AAB) |
:\\ A - —lB ,E
_'(P N g A r) ﬁw, we have a lot of di#evﬁ

options here, We have fwo
difterent femplates for
negating AND..

N—




------------
L 4 ~~

4

—~-A ~(AvB) { -(AAB): —(A-B)
A ~AAN-B | -Av-B ! AA-B
~(AAB) |
\~ 14—)—|_B'I
~(PAgAT) o B

—((pAq) ANT)
—“(pAN(qAT))

N—

.and at the same time, there are
fwo equally correct ways of
parenthesizing This expression,

Yt



------------
L 4 ~~

4

—~-A ~(AvB) { -(AAB): —(A-B)

A ~AAN-B | -Av-B ! AA-B
—(A A B) !
\~ A 4 —IB
_'(P A g AN r) /Depemolimq on which Temp\aTeS\

you use, and how you group

Things, you may end up with
_'((P A CI) AT) \Tofa\\% different answers:

—“(pAN(qAT))




------------
L 4 ~~

L4

—~-A ~(AvB) { -(AAB): —(A-B)

A ~Ar-B | -Av-B: AAN-B
~(AAB) |
_A--B |
~(PAgAT) a O

Let's see what they look like,

—((pAq) AT

—(p A (g AT)) N— \/




-—A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN B
—(A AN B)
A - B
—(p A (g A T)) o S

For starters, lef's parenthesize
Things like This,

— \/




----------------

~-A —~(A vV B) ~(A A B) —~(A - B)
A ~A A -B ~AV-B | AnA-B
—(A AN B)
A - —B
—(p A (q A T)) - O

Lef's use this first femplate.,
We can be old—school,

— \/




R LR R R R ERNE RN R § NS

~—A —~(A vV B) ~(AAB) ! —(A-B)
A —-A A B —-Av—-Bj A A -B
—(A AN B)
A - —B
-~ TN

=(pAN(qAT))

N—

Here's the ‘before’ picture..

Nt



----------------

~-A —~(A vV B) ~(A A B) —~(A - B)
A ~A A -B ~AV-B | AnA-B
—(A AN B)
A - —B
—pV =(qAT) o S

.. and the *affer” picture,

— \/




~-A -(A v B) —(A A B) —(A - B)
A -A A —B —~A Vv -B A N —B
- (A AN B)
A—)—lB
—“pV (g AT) - O

So now we have to simplify
the second part of this
expression,

— \/



- (A v B) —(A A B) - (A - B)

~A A =B ~A v -B A -B
" ~(A A B)
. A- -B

—pV =(q AT) o )

Let's use this femplate,

— \/




——A - (A v B) - (A A B) -(A - B)
A -A N B -A VvV B AN—-B
| ~AnB)
. A->-B |
Before..
N—

Nt



——A - (A v B) - (A A B) -(A - B)
A -A N B -A VvV B AN—-B
| ~AnB)
. A->-B |
. and affer:
N—

Nt



——A —-(A v B) —-(A AN B) —-(A - B)
A -A AN 0B -AV B AN B
- (A N B)
A- -B
—pV(q~—- —r) So this is one possible O

formula we could arrive af as
the negafion of the original

formula,

—




~-A ~(A vV B) —~(A A B) —~(A - B)
A —~A A -B ~A Vv -B A A -B
—(A AN B)
A - —B
—p Vv (q - —r) & )

N—

This isn't all that easy to read.
Lef's fry negafing it a different

Way ,

Nt



——-A —(A v B) —(A A B) —(A - B)
A —A A =B —~A vV -B AN —-B
- (A N B)
A - -B
-~ TN
_'(p N g AN T') Resefting back fTo where we
began..

—_



--A —-(A v B) —(A A B) —-(A - B)
A -A A —B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

—“((pAQg)AT)

Letrs parenthesize it like This,

— \/




—=A -(A v B) -(A A B) -(A - B)
A -A A B -A Vv -B A A -B
" =(A A B)
. A- -B
-~ TN

—“((pAQg)AT)

N—

Now, let's use fhis template,

Nt




~—A ~(A v B) —~(A A B) ~(A - B)
A —~A A B ~A v —B A A —-B
" S(A A B)
A - —-B
-~ TN

—((pANQg)AT)

That groups Things like Tthis..

—_



~-A —~(A v B) —(A A B) —(A - B)
A -A A -B AV -B AN —B
~(A A B)
_A--B
- Y
_)
pA(q —r ~giving us this vesult:

— \/



——A - (A V B) —(A AN B) - (A - B)
A -A N B -A VvV —-B A AN =B
—(A AN B)
A - B
/Amol we'vre doner That was\
pAN(— —r pretfy fast, And we now have

a very different formula fhan

the first one:
N




——A - (A v B) —(A A B) - (A - B)
A —A A -B -A v -B AN -B
—(A AN B)
A - —-B
-~ TN
pAN(— —r 0t course, this isn't the only

way you could do This,

—_




-—A -(A v B) -(A A B) -(A - B)
A -A AN B -A VvV -B A N B
—(A AN B)
A - -B
-~ TN
Let's see another one,
“(PAQAT)

N—

Nt



--A —-(A v B) —(A A B) —-(A - B)
A -A A —B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

wWe'll group Things This way,

— \/

—“(pAN(qQAT))




—=A -(A v B) -(A A B) -(A - B)
A -A A B -A Vv -B A A -B
" =(A A B)
. A- -B
-~ TN

—“(pAN(qQAT))

N—

Now, we'll apply this femplate,

Nt




--A —(A v B) —(A A B) -(A - B)
A —-A N B —-A VvV —-B A AN -B
" =(A A B)
. A- -B
-~ TN

=(pAN(qAT))

N—

This groups things in a prefty
different way trom before..

Yt




——A - (A v B) - (A A B) -(A - B)
A -A N B -A VvV B AN—-B
~(A A B)
. A- -B
-~ TN
.s0 we end up with something
p - _,(q A T) pretty different than before:

N—

Nt



——A - (A v B) - (A N B) -(A - B)
A —-A N B —-A VvV B AN-B
—(A AN B)
A - B
~ N
We still need 1o simplify that
p - _'(Cl A T') second parf,

— \/



-—A ~(A v B) ~(A A B) ~(A - B)
A -A N B -A vV -B AN-B
" ~(AAB)
A - —-B
-~ TN
Let's apply this template
p N _l(q A r) aqaiw.

N—

Nt



- (A v B) —(A A B) - (A - B)

-A AN 0B -AV B AN B
. =(AAB) :
_A--B
-~ TN

That takes us from here..

—_

p—-(gqAT)




- (A v B) —(A A B) - (A - B)

-A AN 0B -AV B AN B
. =(AAB) :
_A--B
-~ TN

.To here.

— \/

p—)q—)—lr'




--A —-(A v B) —(A A B) —-(A - B)
A -A A —B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

And we're doner Another
p SN q — Ar J(OJ(a\\lg valid meqaﬁom.

—_




--A —-(A v B) —(A A B) —-(A - B)
A -A A —B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

p—)q—)—lr

Let's do one more.,

— \/



——A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN-B
—(A AN B)
A - B
-~ N
We'll start here..
“(PANGAT)

— \/



--A —-(A v B) —(A A B) —-(A - B)
A -A A -B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

—“((pAq) AT

N—

. and group things like this,

Yt



EE R E R RERERNERNE R} NS

¢

-—A ~AvVB) | -(AAB) | -(A-B)
A ~AAN-B | -Av-B ! AA-B
—(A AN B)
A- -B
-~ TN

Let's use fthe first femplate,
for a change.

—((pAq)AT) — \/




¢ .

—-=A —(A v B) gﬂ(AAB)E —(A - B)
A —-A A B .—-Av—lBj A A -B
—(A AN B)
A - —B
-~ TN

—((pAq) AT

N—

Here's where we starf..

Yt



¢ .

—-(A v B) . “(AAB) | —(A-B)
~AAN-B | -Av-B ! AA-B
—(A AN B)
A- -B
-~ TN

.and where we end,

“(pAq VT — \/




——-A - (A V B) —(A AN B) - (A - B)
A —-A AN B —-A VvV -B AN —-B
—(A AN B)
A - -B
-~ TN
Now, we need to fix up fhat
first part.

—“(p A q)V T N \/



~—A ~«AVB) ‘ =AAB) ! =(A-B)

A _A A -B ~AV-B | AnA-B
—(A AN B)
A - —B

— ~
We'll use this femplate
again..
—(p A q) "

Nt



-=A -(A v B) . =(AAB) | -(A - B)
A ~AAN-B | -Av-B ! AA-B
—(A AN B)
A- -B
-~ TN
.taking us from here..
—(p A Q)

— \/



-—-A -(A vV B) gﬂ(AAB)E —(A - B)
A ~AAN-B | -Av-B ! AA-B
—(A AN B)
A - —B
-~ TN
.To here.
“p Vv g N

Nt



--A —-(A v B) —(A A B) —-(A - B)
A -A A —B -A v —B AN —-B
—(A AN B)
A- -B
-~ TN

“pV gV r

N—

And we're done:

A tofally different, totally valid

negation,




——A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A VvV =B AN-B
—(A AN B)
A - B
—p\V (Cl — _'T') For reference, here are all The\

pANqg- T
p—q-— —r
“pV gV r
p—(—qV —r)
(p— —q) Vv —r

statements wou can get fo using
the above templates, Is uour

answer on That list?
\




~-A ~(A vV B) ~(A A B) ~(A > B)
A -~A A B ~A Vv -B A A -B
—(A AN B)
A- -B
—p Vv (q - —r) - O

pANqg- T
p—q-— —r
“pV gV r
p—(—qV —r)
(p— —q) Vv —r

So why did we go fhrough this
(admittedly lengthy) diversion?

— \\J/,/



~-A ~(A vV B) ~(A A B) ~(A > B)
A -~A A B ~A Vv -B A A -B
—(A AN B)
A- -B
—p Vv (q - —r) - O

pANqg- T
p—q-— —r
“pV gV r
p—(—qV —r)
(p— —q) Vv —r

well, any of these formulas are
valid negafions of the original
formula.

N—

Yt



——A - (A v B) —(A A B) - (A - B)
A —A AN -B —A VvV -B AN —-B
—(A AN B)
A - —-B
=p VvV (q - —r) a O
pAN(— —r However, as you can see, not all

p—4q— —r
—“pV gV —r
p—(—qV —r)
(p—>—-q) Vv —r

of them are very easy fo read,

—_



-—A -(A v B) - (A N B) - (A - B)
A -A AN -B -A VvV -B AN —-B
—(A AN B)
A - -B
-~ TN
pAN(— —r We personally think that these fwo

“pV gV r

are the cleanest of the negatfions,

—




——-A —-(A v B) - (A A B) —-(A - B)
A —A N -B —A VvV -B AN —-B
—(A AN B)
A - —-B
Although we've stressed ’f\ne\
pAN(— —r importance of working through

“pV gV r

These negations using templates,
There still is a bit of an art 1o if,

N—




——A - (A V B) —(A AN B) - (A - B)
A -A AN 0B -A Vv -B AN B
—(A AN B)
A - B
qyu'\\ sometimes have a choi?
pANqg— —r aboul which templates o use,

“pV gV r

and sometimes one choice will be
much beffer than the others.




——-A —-(A v B) - (A A B) —-(A - B)
A —A N B —A VvV B AN B
—(A AN B)
A - —-B
Learning which rules to use takes
pAN(— —r some practice, but once you get

“pV gV r

fhe hang of if, if's veally not
foo bad:!

— =~



A —A A B ~A Vv —-B A\ -B
-(A A B)
A - —|B
~ ~~
pANqg— —r 1f you ever make an ‘inelegant”

—pVvV —~qV —r

choice, just back up and choose
something else:

—



——A - (A v B) —(A A B) - (A - B)

A -A A —B -A v —B AN —-B
—(A AN B)
A- -B

-~ TN

To see this in action, lef's falk
aboul how fo negate bicondifionals,

— \/




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A AN B)

A - —-B

—(A - B)

AN -B

q\nough we didn'1 falk abouT?

in class, there are Two nice
rules you can use o negate

a bicondifional,
\




——A —-(A v B) —-(A AN B) —-(A - B) —(A < B)
A -A AN 0B -AV B AN B -A <~ B
—-(A A B) —(A < B)

\

They've shown above, Basically,
you negate one side, leave fhe
ofher alone, and leave the

connective unchanged.

N—




--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

(As an aside, the biconditional
is the only connective that doesn't
change when negated, Niffyr)

Yt



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

(pAg)vre((gvr—-p)

So let's put these new rules fo
practice by negating the
sfafement fo the left,

— \/



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

(pAg)vre((gvr—-p)

N—

This one looks tricky: Don't
worry — it's not as bad as it

looks.

Nt



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

“(((pAg)Vvre((qgvr)—p))

We start off the same way that
we always do - parenthesize and
negate,

— \/



——-A - (A V B) —(A AN B)
A -A N B -A vV -B
—(A AN B)

A - -B

--------------

5

—(A - B) " —(A o B)

AN -B

14

--------------

“(((pAg)Vvre((qgvr)—p))

N—

femplates,

™~

Now, we need to apply some
femplate here, so we need fo
pick one ot fhe fwo bicondifional




---------------

--A ~(A v B) ~(A A B) ~A-B) {-(A<B):

A ~A A —=B ~A vV —B A A =B ~A o B
~(A A B) ' ~(A-B)
A - -B . Ao-B ;
-((pA@Q VD e(@qvnr-p) ( O

Now, we have a choice, We can
either negate fhe left—hand
side or the right—hand side.

— \/




---------------

--A ~(A v B) ~(A A B) ~A-B) {-(A<B):

A ~A A —=B ~A vV —B A A =B ~A o B
~(A A B) ' ~(A-B)
A - -B . Ao-B ;
-((pA@Q VD e(@qvnr-p) ( O

Either way will work, but one
way is a lot easier fThan fhe
other.,

— \/




---------------

--A —-(A v B) —(A A B) -(A-B) | —=(AeB)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

“(((pAg)Vvre((qgvr)—p))

N—

Let's think a step ahead,

Nt



---------------

--A —~(A v B) —~(A A B) ~(A->B) { =(AoB)

-
-"

A -A N 0B -A VvV 0B AN 2B E -A - B i
A—)—IB :\ A(—)—lB 'E
((P A CI) V T') 7~ 1f we negate This side, N

we're going To have 1o negafe
the OR, and that's going to
require us To then negate the

N— AND. \/




---------------

—~-A ~(A v B) ~(A A B) ~A-B) {-(A<B):
A ~A A —B ~A v —B AN-B | -AoB |
~(A A B) i “(A-B) |
A—) —|B :‘ A(—) —|B 'E

((CI Vr) - P) on fhe other hand, it we meqaf\e

This side, we just negate the
implication, which is going fo

leave the OR unchanged.
N—




—~-A ~(A v B) ~(A A B) -(A - B) -(A < B)
A -A A -B -~A v -B A A -B -A B
~(A A B) | ~(A-B) !
A - -B A o -B
-~ TN

“(((phAg)Vvre((qgvr)—-p))

N—

As a result, let's try applying
this template, which negates the

right—hand side.,

S



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

“(((pAgvr)e((gvr) —p))

N—

Here's The before shof..

Nt



~—A ~(A V B) ~(A A B) ~(A - B) ~(A © B)
A ~A A —B AV —B AN —B Ao B
~(A A B) " ~(A o B)

-~ TN

(pAg)vr)e—=((gvr—p)

. and the affer.

Nt



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

—((qgv r) - p)

N—

So now we need To push this

negation deeper,

Nt



-------

---------

~—A —~(A vV B) ~AAB) | ~(A-B) ! S(AeB)
A —-A A B -A VvV -B A A -B j -A - B
—(A A B) —(A < B)

-~ TN

—((qgv r) - p)

N—

sTraighttorward application of

That's a relatively

This template,

N



—-=A —(A v B) —~(A A B) g —~(A - B) —(A < B)
A —-A A B -A VvV -B : A AN -B j -A - B
—(A A B) —(A < B)

-~ TN

—((g v r)—-p)

so we color—code for
convenience..

Nt



----------------

——A - (A v B) - (A N B) -(A - B) (A < B)
A —-A N B —-A VvV B AN-B —-A - B
- (A N B) (A < B)
((gqvra-p) O
~and simplity,

— \/



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

(pAg)vr)e((gvr)A-—p)

N—

And bam! We're dovne.

Nt



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -AV B AN B -A <~ B
—-(A A B) —(A < B)

(PAQ VD oWGVT)N=D)  ( voucan - and should - cheok

that this formula is correct by

((p N CI) V r') o ((q V r') N p) using the Truth table fool,

Here's the original as a reminder,

N—




--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

So wow! We've covered a lof
of ground, Lef's recap.

Nt



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

We've recently infroduced new

implications and biconditionals.

femplafes for negating

Yt



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

You've seen that there's also

a different way to negafe
ANDs using implications,

Y



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

And we Touched a bit on the idea
That there's an art To choosing

these femplates wisely,

N



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

That's basically everything we'd

formulas in proposifional logic,

like fo say about negating

Y



- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A AN B)

A - —-B

—(A - B) —(A < B)
AN -B -A <~ B
—(A < B)
A~ —-B

avap Things up, let's falk abo\uT

how fo negate first—order logic
formulas, Don't worryr They
follow the same basic set ot rules,

N—




- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A AN B)

A - —-B

—(A - B) - (A < B)
AN -B -A - B
(A < B)
A~ -B

ZFundamentally, first—order logic™N

is quite different from
propositional logic, Structurally,
Though, it's still propositions

\__ Joined by oomV‘ec\“Vef



- (A V B)

-A AN -B

—(A AN B)

-A vV B

—(A AN B)

A - —-B

—(A - B) - (A < B)
AN -B -A - B
(A < B)
A~ -B

The only major difference is The™N

infroduction of quantifiers, Once
you know how To negate those,
you can negate first—order

) formulas wiﬂ'\V



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

N—

Let's see this with an example,

Nt



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

Vx. (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

Here's a formula from class,
Do you remember what This says?

—_



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

Vx. (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

Let's see how fo negafe it,

— \/



——A - (A v B) —(A A B) - (A - B) —(A < B)

A —-A N B —-A VvV B AN-B —-A - B
- (A N B) —(A < B)
—Vx. (PQT'SOTI(X) — //J\(sTief?ve,Twe(g.uT a)(:‘eqa’(y:o\m\
at the tront. (Since this whole
Ely (PQT'SOTI(_V) ANy # XA formula is controlled by the
LOV@S(X; y) guantifier, we don't need fo

) \_ parenthesize it,)
) \/



--A —-(A v B) —(A A B) —-(A - B) —-(A © B)
A -A A —B -A v —B AN —-B -A - B
—(A A B) —-(A © B)

-~ TN

-Vx. (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

N—

Now, we need some kind of
femplate for simplifying this

expression,

N



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A N B -A vV -B AN-B -A - B
- (A N B) - (A < B)
—VX. (PQT'SOTI(X) — I/f%ou'\\ remember trom \ecTtD
Ely (PQT'SOTI(_V) ANy #XA we saw how o negafe quantifiers:
LOV@S(X y) push the negation across the
’ guantifier, then flip the quantifier,
) —_




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

-Vx. (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

N—

Those rules look like this,

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

-Vx. (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

N—

So let's go apply them:

Nt



——=A -(A v B) —(A A B) -(A - B) —(A < B)
A —-A A =B —-A v =B A AN -B -A - B
—(A A B) —(A < B)
L VA ~3x. A
Ix. ~A j Vx. DA
-~ TN

-Vx. (Person(x) —
Jy. (Person(y) Ay # X A
Loves(x, y)
)

Here, we can apply this femplate,

N—

Nt



——A - (A v B) —(A A B) - (A - B) —(A < B)

A ~A A -B ~A vV -B A A -B A~ B
~(A A B) ~(A & B)
A - —B Ao -B
LoV A L -3 A
. -A | Vx.-A
—Vx. (Person(x) = ~ )

Jy. (Person(y) Ay # X A
Loves(x, y)

) ~ 2

That looks like this..




——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. "A
Ix. = (Person(x) — - T

Jy. (Person(y) Ay # X A
Loves(x, y)

) ) N— \/

.50 we end up here,




——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. "A
Ix. = (Person(x) — - T

Jy. (Person(y) Ay # X A
Loves(x, y)

| ) N— \/

That's progress:!




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. =~ (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

N—

Now, how do we continue?

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. =~ (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

N—

wWell, notice that we have a
negation applied To an implication,

Nt



——A ~(A v B) ~AAB) | ~(A-B) ! =—(AoB)
A ~A A -B ~Av-B | AA-B | -A<B
—(A A B) —(A < B)
-Vx. A —3x. A
dx. A Vx. "A
Ix. = (Person(x) — ~ TN
Hy (PQT'SOTI(_V) ANy #XA Well, notice fhat we have a
Loves(x y) negation applied to an implication.

) ~ NS



P LN
.
1

—~-A ~(A V B) ~AAB) | ~(A-B) ! =—(AoB)

A ~A A -B ~Av-B | AA-B | -A<B

- (A N B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. "A

Ix. —~(Person(x) — ~ )
Ely (PQT'SOTI(_V) ANy #XA That suggests we should use this
LOV@S(X, y) tfemplate,

) ~ NS



'—--

------------

——=A ﬂ(AVB) ﬂ(A/\B) g _'(A—)B) . _'(AHB)
-Vx. A —-Jx. A
Ix. A Vx. —A
dx. ~(Person(x) — /H o d\
Hy (PQT'SOTZ(_V) Ay # XA ere's the anfecedent an

Loves(x, y)

)

CcO

N—

nsequent, in case thal makes
things clearer,

S



----------------

-=A —(A v B) —~(A A B) g—n(A—>B)E —(A < B)

A -A AN 0B -A VvV B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. "A
Ix. = (Person(x) — - T

dy. (Person(y) Ay # X A
Loves(x, y)

| ) N— \/

Applying the rule..




----------------

A -A AN 0B -A VvV B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. "A
Ix. (Person(x) A - T

—dy. (Person(y) Ay # X A
Loves(x, y)

| ) N— \/

~qives us Tthis,




——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN B -A vV B AN B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. A Vx. A
Ix. (Person(x) A - T

—dy. (Person(y) Ay # X A
Loves(x, y)

| ) N— \/

Cool!




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A

—dy. (Person(y) Ay # X A

Loves(x, y)

)

N—

IT's just a mafter of repeafing
This process until we're done,

Nt



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN -B -A VvV B AN-B -A - B
A - B A o =B
V. A | -IxA
Ix. A Vx. —A
Ix. (Person(x) A - TN
_'Hy (PQT'SOTI(_V) ANy #XA Here we have a negated
Loves(x y) exisTential statement..

) ) ~ \/



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. "A
Ix. (Person(x) A - T

Vy. =(Person(y) A y # X A
Loves(x, y)

| ) N— \/

.which simplifies like fhis,




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

dx. (Person(x) A

Vy. = (Person(y) A y # X A

Loves(x, y)

)

™~

Grealr Now, we have a negatfed
AND, 1t's a three—way ANTD,

actually, but fortunately we've

seen lofs of ways 1o handle this:

N—




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

dx. (Person(x) A
Vy. = (Person(y) A y # X A
Loves(x, y)
)

7 While we can use any template N
we'd like here, when dealing with
first—order logic, it's oftfen
usetul to use this rule, which

\_furns ANDs into iw



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A A -B -A v =B A A —-B -A - B
—-(A A B) -(A © B)
A - -B j A - —B
-Vx. A —dx. A
dx. -A Vx. "A
Ix. (Person(x) A ~ )

Vy. = (Person(y) A y # X A
Loves(x, y)

) ~ NS

We'll group things like this..




—-—-A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN B -A VvV B AN B -A - B
—(A A B) ~(A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

. which gives us this as a result,

N—

Nt



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN B -A vV B AN B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. A Vx. A
Ix. (Person(x) A - T

Vy. (Person(y) Ay # X =
—~Loves(x, y)

| ) N— \/

And now we're done:




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

So how can we check whether
This is right?

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

When dealing with propositional
logic, we could just plug our
result into the truth table tool,

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

Unfortunately, first—order logic
doesn't have truth tables, so
That particular approach isn't

going To work,
N—




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~ . i

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

1t turns out, more generally, That
it is objectively hard to check

whefher one first—order formula
is the negafion of another.




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

You know how we've been falking
about problems so hard that they
can'T be solved by a computer?

This is one ot them:
N




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

We're not going to falk about
that in Cs103. Take Phil 152 or

Cs154 for details:

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

So if there's no simple way fo

confirm Thal we have the right

answer, how do we know that
we've goften it right?




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

At some level, we have fo trust
that we applied the femplates

correctly,

S



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) ANy # x =
—~Loves(x, y)
)

N—

However, we still can do a few
guick checks To make sure we

didn't mess anything up.

N



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

For example, we know that
V is (usually) paired with -
and that 3 is (usually) paired with
AW

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

7 A areat way 10 check your wWork™N
is To make sure that you didn'1

break fhat vule, If you broke the
rule, chances are you made a

\__ MisTake somew‘</



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X —
—~Loves(x, y)
)

Here, nofice that we do indeed
obey the rules,

—_



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X —
—~Loves(x, y)
)

This is a good sign That we
didn'1 make any major mistakes,

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

To check whether we really have
it, it's offen useful fo translate
the original and negated statements
info English and to check those,




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

This statement saus

“there is someone Thal doesn't

love anyone else,”

S



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A N B -A vV -B AN-B -A - B
- (A N B) - (A < B)
—Vx. A —dx. A
dx. —A Vx. A
Vx. (Person(x) — ~ TN
Ely (PQT'SOTI(_V) ANy #XA Here's our original
Loves(x, y) tormula,

) ~ NS



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

Vx. (Person(x) —

Jy. (Person(y) Ay # X A

Loves(x, y)

)

N—

This says ‘everyone loves
someone else,”

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

(Let's veset back 1o the
negafed formula,)

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

The Two Translations are indeed
negafions of one another,

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
- TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

1t everyone loves someone else,
there's no way that there could
be a person who doesn't love

anyone else,

Yt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

Similarly, if there's someone who
doesn't love anyone else, then

iT's definitely not the case fhat
everyone loves someone else,




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

So overall we should be pretty
confident fhat we've properly

negafed our formula,

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

11 passes our basic structural
fests, and also infuifively syncs
up with what the formulas mean,

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~ . TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

Before we move on, 1 wanfed fo
Touch on one gquestion: why did
we use the *AND—To—implies”

femplate To negate the ANDs here?

N—




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (Person(y) Ay # X =
—~Loves(x, y)
)

N—

To answer That, let's roll back
The clock to the point where we

made that choice.,

Nt



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN B -A vV B AN B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. A Vx. A
Ix. (Person(x) A - T

Vy. = (Person(y) A y # X A
Loves(x, y)

| ) N— \/

Here we are!




——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A A -B -A vV -B AN —-B -A < B
- (A A B) - (A < B)
—Vx. A —dx. A
Ix. A Vx. A
Jx. (PQT'SOTI(X) A A Now, we saw a number of ways N
That we can negafe a Three—way
Vy _'(PQT'SOTl(y) Ay #= XA AND, (I1's almost like we
Loves(x, y) did that example intentionally

) \__ o sef this discussion up)
) W



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A

Vy. = (Person(y) A y # X A

Loves(x, y)

)

N—

Let's apply de Morgan's laws

- (AANBANC)=-AVvV -Bv-C

here, using the rule fhat

Nt



——A - (A v B) - (A N B) -(A - B) (A < B)
A —-A N B —-A VvV B AN-B —-A - B
- (A N B) (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
Ax. (Person(x) A - T
Vy (_'PQT'SOTl(y) Voy=Xx\V That gives us this resuld,
—~Loves(x, y)
) —

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (mPerson(y) Vv -y # X V
—~Loves(x, y)
)

So this result is correct - we
know this because we applied valid
rules the whole way through..

e



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

dx. (Person(x) A
Vy. (mPerson(y) Vv -y # X V
—~Loves(x, y)
)

7 .but it's a lot harder to read N\
this stafement, That gquantifier
reads ‘any y eifher isn't a person,
or is equal To x, or x doesn'?

— love %\/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (mPerson(y) Vv -y # X V
—~Loves(x, y)
)

N—

That's quite a mouthful,

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

dx. (Person(x) A
Vy. (mPerson(y) Vv -y # X V
—~Loves(x, y)
)

Plus, This breaks the usual pattern
of V gefting paired with -,
which makes it harder 1o check,

N



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

dx. (Person(x) A
Vy. (mPerson(y) Vv -y # X V
—~Loves(x, y)
)

~ N
One of the reasons why the *AND—

To—implies” vule is so useful is that
T preserves which connectives
pair with which quantifiers,




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

dx. (Person(x) A
Vy. (mPerson(y) Vv -y # X V
—~Loves(x, y)
)

7~ This is why we recommend Thal N

you not use de Morgan's laws
with AND and instead go with the
other route, I1's just a lot

N— easiev:\/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

Having said that, lef's go and
do another, more complex
example.

— "~



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

VS. VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))
)

th

Here's a formula from set
eory. Before we go on, can

you Translate this info English?

N



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

VS. VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))

7~ This says ‘any two sefs are N
equal if and only it they have the

same elements,” It you're not sure
why, dive into fhis and see if you

\__ Can convince %@ﬁ/



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV 0B A N—-B -A~B
—(A AN B) - (A < B)
A - B A o B
-Vx. A —-dx. A
Ix. 1A Vx. 1A
VS. VT. (Set(S) A Set(T) - ~ )

(S=ToVVx.(xeSoxeT))

Let s see how fo negafe this,

— \/

)




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

VS. VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))

N—

Actually, let's notr Lef's begin
by having you Take a stab af if,

Try negating this one:

S



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

VS. VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))
)

N—

Seriously, go Try to negafe if,
Don'1 keep reading until you

do.

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-

VS. VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))

So you negafed it? Like, really?
Because once you see us do it
you'll never get to experience the

Thrill of discovering it yourself,

N—




——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV 0B A N—-B -A~B
—(A AN B) - (A < B)
A - B A o B
-Vx. A —-dx. A
Ix. 1A Vx. 1A
VS. VT. (Set(S) A Set(T) - ~ T

(S=ToVVx.(xeSoxeT))

Okay! So let's do fhis:

—_

)




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

—-VS. VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))

7~ Lef's begin by putting a N
negafion at the front, Again,
since the whole statement is
guantified, we can pass on fhe

) Pavemheseso\/



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV 0B A N—-B -A~B
—(A AN B) - (A < B)
A - B A o B
[ ovxA T -3xA
Ix. —=A Vx. —A
—-VS. VT. (Set(S) A Set(T) — ~ )

_ We now have something matching
(S =T < Vx. (X €S oXxE€ T)) This template, so let's go

) apply it

— \/




—=A ~(A V B) ~(A A B) —~(A - B) —~(A < B)
A ~A A —B ~A VvV —-B AN —-B ~A - B
~(A A B) —~(A < B)
T v A _3x. A
dx. 1A Vx. 1A
—-VS. VT. (Set(S) A Set(T) — - T
(S=ToVx.(xeESoxeT)) b fore.
)
\

Nt



~—A —~(A v B) —~(A A B) —~(A = B) —~(A © B)
A ~A A =B ~A VvV —B A A -B ~A - B
—~(A A B) —~(A © B)
A - —B Ao —B
T v A _3x. A
dx. A Vx. 1A
3S. =VT. (Set(S) A Set(T) —» - T
(S =T o Vx. (X €S oXxE T)) . and affer:
)
N

Nt



—-=A —(A v B) —~(A A B) —(A - B) —(A < B)
A -A A B -A vV —B A N =B -A o B
—~(A A B) —(A < B)
© _Vx. A ~3x. A
dx. A Vx. 1A
-~ TN

31S. =VT. (Set(S) A Set(T) —
(S=ToVVx.(xeSoxeT))
)

We can now apply this femplafe
a second fime fo this next
guantifier,

— \/



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV 0B A N—-B -A~B
—(A AN B) - (A < B)
A - B A o B
TV A ~3x. A
Ix. A Vx. 1A
3S. =VT. (Set(S) A Set(T) — ~ T

(S=ToVx.(xeESoxeT))

Before..

—_

)




~—A —~(A v B) —~(A A B) —~(A = B) —~(A © B)
A ~A A =B ~A VvV —B A A -B ~A - B
—~(A A B) —~(A © B)
A - —B Ao —B
T v A _3x. A
dx. A Vx. 1A
3S. 3T. =(Set(S) A Set(T) — - T
(S =T o Vx. (X €S oXxE T)) . and affer:
)
N

Nt



----------------

~—A —~(A vV B) ~AAB) | ~(A-B) ! S(AeB)
A —-A A =B —-A vV =B : AN-B -A o B

—-(A AN B) —(A < B)
—Vx. A —dx. A
Ix. A Vx. A
1S. dT. —-(Set(S) A Set(T) - - We now have a negation O
(S=TeVWxx.(xe€SoxeT) lined up against an
) implication, so let's go and
apply this template,




----------------

-=A —(A v B) —~(A A B) g—n(A—>B)§ —(A < B)

A ~A A -B ~A Vv -B AAr-B | —~A < B
—(A AN B) - (A < B)
A - B A o B
-Vx. A —-dx. A
Ix. 1A Vx. 1A
3S. 3T. —=(Set(S) A Set(T) » ~ T

(S=ToVx.(xeESoxeT))

Before..

—_

)




----------------

A -A A -B -A v -B AN -B -A - B
—(A A B) —(A & B)
A— -B Ao -B
-Vx. A —-dx. A
dx. 1A Vx. 1A
3S. 3T. (Set(S) A Set(T) A ~ )

_'(S =T o Vx. (X €Sexe T)) . and affer:

— \/

)




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

3S. dT. (Set(S) N Set(T) A
“(S=TeoeVxx.(xe€SexeT))
)

N—

Now our negafion is sitfing
in front of a bicondifional,

Nt



---------------

——A - (A V B) —(A AN B) - (A - B) ¢ —(A o B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

3S. dT. (Set(S) N Set(T) A
“(S=TeoeVxx.(xe€SexeT))
)

Thal means we have Two choices
of which femplate 1o apply.

— \/



---------------

——A - (A V B) —(A AN B) - (A - B) ¢ —(A o B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

3S. dT. (Set(S) N Set(T) A
“(S=TeoeVxx.(xe€SexeT))
)

But hey: Didn't we do some
practice with That one earlier?

—_



---------------

--A —~(A v B) —~(A A B) ~(A->B) | =(AeoB)
A —~A A =B ~A VvV —B A A -B . —-AoB
—(A A B) —(A - B)
A - B Ao B |
-Vx. A —dx. A
dx. A Vx. 1A

3S. dT. (Set(S) N Set(T) A
“(S=TeoeVxx.(xe€SexeT))
)

One of the lessons we took from
That was that it's often usetul
to look at which halt would be

easier To negate,
N—




--------------

A -~A A -B -~A Vv -B AAN-B i -AoB |
~(A A B) i =(AoB) !
—Vx. A —3dx. A
Ix. -A Vx. A
-~ TN
S=T This halt would be pretty easy

fo negafe - we just change the
- to a =,

N—

~



--------------

~-A -(A v B) —(A A B) ~A-B) { ~(A~B):
A -A AN B -A VvV B AN B -A - B
~(A A B) i =(AoB) !
—Vx. A —dx. A
Ix. A Vx. -A
This halt would be a lof \navol?
Vx. x €S oxeT) to negate - we'd have to push

the negation across the quantifier,
then handle another biconditional.

N—




----------------

——=A —(A v B) —~(A A B) —(A - B) g —~(A o B)
A —~A A -B —A Vv -B A A —B . —"AoB |
—(A A B) —(A < B)
-Vx. A —dx. A
dx. A Vx. 1A
—~

3S. dT. (Set(S) N Set(T) A
“(S=TeoeVxx.(xe€SexeT))
)

Based on that, it makes a lot
more sense to negate the first
half of this biconditional, not the

second,

N




——-A - (A V B) —(A AN B)

----------------

~(A-B) | ~(A-B)

A -A A —B -A Vv -B AN-B | -AoB
—(A A B) —(A < B)
—Vx. A —dx. A
Ix. A Vx. -A
-~ TN

31S. 3T. (Set(S) N Set(T) A
(S=TeoVx. (xeSexeT))
)

So we'll apply this template..

—_



----------------

-—-A —(A v B) —(A A B) —(A - B) —(A & B)
A -A A -B -A v -B AN -B -A - B
—(A A B) —(A & B)
A— -B Ao -B
-Vx. A —-dx. A
dx. 1A Vx. 1A
3S. 3T. (Set(S) A Set(T) A ~ )

(SZ2TeVx.(xe€SeoxeT)
)

.giving us This resuld,

Nt



----------------

——A - (A V B) —(A AN B) - (A - B) r (A - B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

3S. dT. (Set(S) N Set(T) A
(SZ2ToVx.(xeESoxeT))
)

And at fhis point, we're done:
Does this mafch what you had?

—_



----------------

——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

3S. dT. (Set(S) N Set(T) A
(SZ2ToVx.(xeESoxeT))
)

N—

You might have negated the
second half of The biconditional

rather than the first,

Nt



----------------

——A —~(A v B) ~(A A B) ~(A-B) | ~(A-B)

A ~A A —B ~AV —B AN-B | -AoB |
~(A A B) ~(A ~ B)
A - -B Ao -B
-Vx. A —dx. A
dx. —A Vx. -A
3S. AT. (Set(S) A Set(T) A o S
SzTeVVWX.(xeESexeT)) 1f you did, you'd get something
) like this insfead.,

N—

31S. 3T. (Set(S) A Set(T) A

(S=Tedx.(xeESexé¢d))
)



----------------

——A —~(A v B) ~(A A B) ~(A-B) | ~(A-B)

A -A AN B -A vV B AN B i‘ -A B
—(A AN B) - (A < B)
-Vx. A —3x. A
dx. A Vx. "A
3S. 3T. (Set(S) A Set(T) A /If you did this, no wowiesz\
(SZzTeeVX.(xe€SoxeT) You're still correct, We just
) Think this is a harder route fo
_ go down,

31S. 3T. (Set(S) A Set(T) A
(S=Tedx.(xeESexé¢d))
)



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

N—

Let's do one final example

before moving on fo our
last topic,

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
A - B A - B
-Vx. A —dx. A
dx. -A Vx. "A
(Vx. Happy(x)) = (Ay. Happy(y)) (~ O
How might you negate this
formula?

—_



(Vx.

——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
~

Happy(x)) — (3y. Happy(y))

As betore, fake a few minutes
To work through this one on
your own Time, See what you

come up with:
N—




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

(Vx.

Happy(x)) — (3y. Happy(y))

You know the drill, This slide
is here To make sure thal you

actually did that work and didn*t

just skip by if,
N—




—-A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN B -A vV B AN B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. A Vx. A
(Vx. Happy(x)) - (3y. Happy(y)) (~ O
Okay! So lef's go negafe this,
N

Nt



(Vx.

——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

Happy(x)) — (3y. Happy(y))

This formula is quite different
from the previous two in a subtle
way,

— \/



(Vx.

——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

Happy(x)) — (3y. Happy(y))

The two previous formulas we
looked at were tormulas that
were quanfified at the fop level,

— \/



(Vx.

——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

Happy(x)) — (3y. Happy(y))

By that, we mean That those
formulas were of the form
Vx, A or 3dx, B,

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

(Vx.

Happy(x)) — (3y. Happy(y))

7This formula, on the ofher hand ™\

is an implication where both the
antecedent and consequent use
guantifiers, However, fhe whole

\__ formula is not W



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

(Vx.

Happy(x)) — (3y. Happy(y))

7 This means that, when we starT N

off, we'll fully parenthesize the

expression and negate it, rather
Than just facking a wnegation

N— uP—Fvomt\/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

—((Vx. Happy(x)) = (3y. Happy(y)))

Here's whal this now looks like,

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

—((Vx. Happy(x)) = (3y. Happy(y)))

N—

negation applied To an implication,

Nofice thal we now have a

Nt



----------------

~—A —~(A vV B) ~AAB) | ~(A-B) ! S(AeB)
A —-A A B -A VvV -B A A -B j -A - B
—(A A B) —(A < B)
-Vx. A —dx. A
dx. A Vx. 1A
-~ TN

—((Vx. Happy(x)) - (Qy. Happy(y)))

That means that we'll use
this template, just as we normally

do.

— \/



----------------

~-A —~(A vV B) ~AAB) | ~(A-B) ~(A & B)

A -A AN 0B -A VvV =B ] AN-B ; -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

= ((Vx. Hdppy(X)) - (Ely Happy(y))) /Heve are the anfecedent amol\

consequent — each ot which is
a bit complicated. If we apply

The template..
N—




----------------

A -A AN 0B -A vV 0B AN B -A - B
—(A AN B) - (A < B)
-Vx. A —-dx. A
Ix. 1A Vx. 1A
(Vx. Happy(x)) A ~(3y. Happy(y)) ( T

. we end up here,

— \/




——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

(Vx. Happy(x)) A =(3y. Happy(y))

N—

All that's left to do is push

The negafion across the
guanTifier,

Yt



——=A -(A v B) —(A A B) -(A - B) —(A < B)
A —-A A =B —-A v =B A AN -B -A - B
—(A A B) —(A < B)
~Vx. A R A
Ix. ~A Vx. DA j
-~ TN

(Vx. Happy(x)) A =(3y. Happy(y))

N—

That means we apply This

rule..



-—A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN B -A - B
—(A AN B) - (A < B)
A - B A~ B

_Vx. A 3 A

Ix. 1A Vx. 1A
(Vx. Happy(x)) A (Yy. ~Happy(y)) ( S
like Thise
\

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

(Vx. Happy(x)) A (Vy. =Happy(y))

And now we're done, Nifty:

N—

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

(Vx. Happy(x)) A (Vy. =Happy(y))

We included this example so thaT™

you'd see that, when dealing with
first—order logic, you still have
to follow all the reqular rules

\__ Tor regafing STW{WTS/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

(Vx. Happy(x)) A (Vy. =Happy(y))

You have to be careful To make™N
sure Thal you don't negafe
everything, and thal you figure
oul what the fop—level

N sTchuveiS‘\/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

So we're almost doner We're
going to do one last example,

—_



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

N—

As you saw in lecture, sometimes
we allow for quanfifiers over sefs,

Nt



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

VxeS.dyeS. x=y

This means thal you might see
formulas like this one.

— \/



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)
-Vx. A —dx. A
dx. -A Vx. DA
-~ TN

VxeS.dyeS. x=y

How do you negate formulas
like these?

—_



——A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV =B AN-B -A B
—(A AN B) - (A < B)

-Vx. A —dx. A

dx. -A Vx. DA

VxeS.dyeS. x=y

The good news is That the rules™N

for vnegafing these ‘set gquantifiers”

are basically The same as the rules
for negafing the reqular

N— %uamiﬁe"s‘\/



—-—-A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV -B AN B -A - B
—(A AN B) - (A < B)
A - =B Ao =B
-Vx. A —dx. A -Vx € S. A —-dx € S. A
dx. -A Vx. DA dx € S. -A Vx € S. A
- N

VxeS.dyeS. x=y

I've included them here, You

jusT push The negation across

the quantifier and flip which
guantifier you're using.




—-—-A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV -B AN B -A - B
—(A AN B) - (A < B)
A - =B Ao =B

-Vx. A —dx. A -Vx € S. A —-dx € S. A

dx. -A Vx. DA dx € S. -A Vx € S. A

VxeS.dyeS. x=y

—

N—

this one off and go home, “_

N
Based on that, let s finish

A "N

Nt



—-—-A - (A V B) —(A AN B) - (A - B) - (A < B)
A -A AN 0B -A VvV -B AN B -A - B
—(A AN B) - (A < B)
A - =B Ao =B
-Vx. A —dx. A -Vx € S. A —-dx € S. A
dx. -A Vx. DA dx € S. -A Vx € S. A
-~ TN

—Vx €S.dJyeS. x#y

N—

We begin - as we are wont 1o
do - by putting a negation

in front.

S



——A - (A v B) —(A A B) - (A - B) —(A < B)

A —~A A -B —~A VvV -B A AN -B —~A - B
-(A A B) -(A - B)
~Vx. A ~Ix. A [-¥xeS. Al -3xeS.A
Ix. —A Vx. —A 1Ix€S. ~A:  VxeS. -A
—Vx eS.dyeS. x=zy ~ Y

We match this femplate,
so let's go apply if:

— \/




——A - (A v B) —(A A B) - (A - B) —(A < B)

A ~A A —B ~A vV —B AN -B ~A o B
~(A A B) —~(A o B)
—Vx. A ~3Ix. A [-¥xeS. Al -3xeS.A
Ix. —A Vx. —A 1Ix€S. ~A:  VxeS. -A
Ix€S.~IyeS. x=#y o )
Tada:!




——A - (A v B) —(A A B) - (A - B) —(A < B)

A ~A A -B ~A vV B A A -B ~A < B
~(A A B) ~(A < B)
~vx. A ~3x. A ~Vx€S.A {-3x€S. A
Ix. ~A Vx. A x€S.mA  1Vx€eS. -A:
Ix € S. Ay ES. x # y o )

Now we mafch This one..

— \/




——=A -(A v B) —(A A B) -(A - B) —(A < B)
A —-A A =B —-A v =B A AN -B -A - B
—(A A B) —(A < B)
~Vx. A ~3x. A ~Vx€S.A {-3x€S. A
Ix. ~A Vx. DA Ix€S.—-A VxE€ES. —nAj
-~ TN

IxeS.VyeS. x=y

And we're done:

Nt



——A - (A v B) —(A A B) - (A - B) —(A < B)

A -A AN 0B -A VvV -B AN B -A - B
—(A AN B) - (A < B)
A - =B Ao =B
-Vx. A —dx. A -Vx € S. A —-dx € S. A
dx. -A Vx. DA dx € S. -A Vx € S. A
-~ TN

N—

So there you have T, We have
a collection of templates that we
can apply To negate formulas,

et



—

Hope this helps:

Please feel free fo ask

™~

guestions if you have them,



- N
Did you find this useful? 1f

so, let us know: We can go
and make more guides like These,

— —
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